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ABSTRACT

The purpcse of this report is to act as an appendix to the
paper [4] of the author. The report contains some proofs and
formulae as well as computer programs not included in [u4].
The convolution of negative binomial and Poisson distribu-
tions was proposed by the author for the distribution of the

number of claims in an insurance portfolio.

INTRODUCTION

In this report we presenf formulae and programs that are

- needed in computing maximum likelihood estimators for the
parameters of the convolution of negative binomial and Poisson
distributions. This is a model propoééd by the author for
the distribution of the number of c¢laims in an insurance
portfolio.

Let now N denote the number of claims in one time unit. We
take N to be N = N1 + N2, where N1 has the Poisson distri-
bution with parameter.'y and N2 has the negative binomial
distribution with parameters o and B/(1+B8). The basic for-
mulae needed in fhis_report are

I'(k+o) gY Y#Ek _— (1)
k=0 I'(a)k! (1+B)k+a (n-k)!

P(N=n) =






E(N) = v.+ of/B
Var(N) = a/B? + a/Bf + Y ' (2)

E((N-E(N))?) = 20/B%® + 3a/B% + a/B + ¥y

and

p, = P(N=0) = (B/(1+8)) % &Y . W@
MAXIMUM LIKELIHOOD ESTIMATION FOR THL NEGATIVE BINOMTAL
DISTRIBUTION

Because we want to test the hypothesis HO:Y = 0 against

the alternative H1:Y > 0, we first consider the maximum

likelihood estimation in the casey = 0. Then N has the nega-

tive binomial distribution,

“ .
T'{n+a) 8 4)

P(N=zn) = — -
I'(aint (1+g)R*0

If we have the observations Ngshyses sl where k is the
largest number of claims observed, and n. is the number of
risks having had 1 claims, then the likelihood function can

be written as

L(a,B) = c:<7%§>an <T}§>nx a1 TR ak- T,

where C is a constant. Taking logarithm and derivating with
respect to o and B and equating these derivatives to zero
we get
o = Bx : '
B | (5)
k k ,

nlnCB/(1+8)) + I (L ng)(Bx+j-1) " = G.

§21 523 (6)

Because (6) cannot be solved in a closed form we solve it

by using Newton's method. For this we need the derivative






of the left hand side of (6). This is
.k k _ o -9
n(1/8 - 1/0148)) + L (L n.)(=x)(Bx+j-1)
| j=1 i=3 *
In the following we shall present the FORTRAN-subroutines
that are needed in sclving (5) and (6). The subroutine
PARAM computes the estimator (a,8) when an initial gucss for

B is given.

SUBROUTINE PARAM(BIALFABETAsOMEANY +K+80)
IMPLICIT DOUBLE PRECISION (A-H30~Z)
DIMENSION Y(30)
EPS=, 000000000001

3 CALL FNM(FUN»Y s KsOMEANsBSD)
IF(DABS(FUN)-EPS) 10+10,20

20 CALL DERM(DER+YsK1OMEANVB,SD)
Bi=B-FUN/DER
B=81
60 _T0 5

10 BETA=B
ALFA=BETA#OMEAN
Rgs N

Here B is the initial guess for B, OMEAN is %, Y is the

vector (no,...,nk), Kzk+1 is the number of classes and SD
is equal to n= n*e. .oy .

This program calls the subroutine FNM, which computes the

value of the left hand side of (8)

8L FNMCFUN1Y o K s OMEAN +BETA  5D)
?ggfgggizge?gbg PRECISION C(A—Hs0-2)
DN L OG (BETA/ (1. +BETA))
SUMA=0.
ROmE0g =2 K
m = .
OMa UMy (1)
-
30 SN2 M2 <802/ (BETAXOMEAN+J=2.)
FUN=AB+5UM1






It also calls the subroutine DERM, which computes the deri-

vative of the left hand side of (),

SUBROUTINE DERH(DER!Y!K;OHEAN!BETA!SD)
IMPLICIT DOUBLE PRECISION (A-H+0~27)
PINENSION'V(so) """ ’
= - )
SUM1A=(Q,
DO 20 Jm2,4K
SUMZ=0.
DO 30 I=JsK
30 SUM2=8UM2+Y ()
20 SUMiﬂngﬁ;SUHZ*OMEAN/(BETA*OHEAN+J—2)**2

Finally when (a,B) is obtained we compute the probabilities

(4) using the subroutine PROBB.

(PyALFAsBETA 1K)
PRECISION (A~H10~2)
)

+BETA) ) ##ALFA
1-2)#P(1~1)/((I1~1.)#(1.+BETA))

L
1

10

MOV UoT~m
ZMA O~

‘Here the probabilities (&) are collected in the vector P.

The statistics needed are computed by the subroutine STATM

SUBROUTINE STATM(KsX1YsOMEAN+VARYSKEWPNOL +8D)
IMPLICIT DOQUBLE PRECISION (A-Hs0-7)
DIMENSION X(50>,Y(%0)
8A=0.
SB=0,
SC=0.
SD=0.
DO 43 I=1.K
SA=SA+X (I #Y (1)
SB=SB+Y(I)#X (1) #n2
BCmBC+Y(IX#X(1)#x3

43 SD=8D+Y (1)
OMEAN=EA/SD
VAR= (BB~-SD#OMEAN®%2) / (8D~1.)
SKEW=8C/SD~3. #*VAR*OMEAN-OMEAN#+*3
PNOL=Y(1) /8D
WRITE(3+40) OMEAN

60 FORMAT ('’ MEAN * +E20.10//)
WRITE(3161) V

- FORMAT(' VARIANCE ' +E20.10//)

WRITE(J162) SKEW

62 FORMAT(' 3. CENTRAL MOMENT’s E20.1D//)
WRITE(3y63) PNOL

&3 FORMAT(’ ZERC CLASS PROBABILITY'’s E20.10//)
WRITE(3+164) SD _ .

64 FORMAT (' NUMBER OF OBBERVATIONS's F8.0)
EEEURN o :
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The main program is FITNM2.
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DO I1=
TEGR(I)=

N

ETA 'y 2E20.10)

0o
WRITE (J3+43 JyTEQRCID WY (L)
FORMAT (E20 F20.2)

TOSA=SD

DO 70 I=1,4K
TOSAHTOSA-TEOR(I)
KL=l

IF(TOSA=3.) 71:71+70
CONT INUE

B
1
1092

L
05A=08A+Y (
CHI=0,
DO 4 I=14K
CHI=CHI+(T IDI®#2/TEORC]L)
TOSA=TOBA+

T #2/TOSA

2

CHI=CHI+(
WRITE (3
FORMAT ¢/
STOP
END

x ~

)

For other methods of estimation in this case we refer to [1].
MAXIMUM LIKELIHOOD ESTIMATION FOR THE CONVOLUTIGN
We now turn to our main task: the computing the estimators

for the convolution of negative binomial and Poisson distri-

butions. In the likelihcod function we write n =y(1+8) and

substitute this for B. The logarithm of the likelihood func-

tion 1s then

k .
L(a,n,Y) snaln X —ny + nx1nG) + Z n. 1n( Z r(i+a) )1
" S0 37 iZ0 it(i-D) Tt

see [4]. Denoting

] LR
w.la.n) = T P(isa) (F(a)i!(j-idin®)™
J i=0

ARE 18’y F13.4s' DEGREES OF FREEDOM ARE’ .,

I5.

(7)






we can write (7) 1n the form

n-y

L{a,n,y) = na]thﬁ— - ny + nx1ln(y) + I n, ln(wi(a,n)), (8)
j=0 4

and its partial derivatives as
3L : - :
— = -na/(n-y) - n + nx/y , (9a)
3y
aL 9 : p
~— =nln(n=-y)/n) + I n.(z=w.(a,n))/w.(a,n) (9Db)
o oo J 9a] ]

1=0

3L -1 -1 K 3
— = na((n=-y) -n ) + I n.ls=w.(a,n))/w.{an). (Y
an j=g 48073 ]

The partial derivatives of wj here are

3 . S - o
§EW'(a’n) = ((3=-1)1n) + I (X I (o+m-1))/(1it(j-i)!'n")
J 122 1=1 mél
and
3 o] . . R
gﬁwj(a,n) = - .21 F(i+o)/(T(a)(i=-1)1(j-1)'n ).
1=

Because the derivatives (9) are obtained in a closed form
we can use a maximization method based on the use of the
gradients. The gradienf projection method proved to be

very slow and inefficient. For this reason the maximization
of (8) is performed by Fletcher-Powell-Davidon method,
which is a quasi Newten method, see [31].

In the following we shall present the programs used in this
procedure.First the subroutine FUNCIM calcuidtes the valué
of (7) ( or equivalently (85) when the values B and vy are

given. The value of a is obtained, when the left hand side

{






of (9a) is equated to zero,;as a = B(x-y).

SUBROUTINE FUNCTM
IMPLICIT DQUBLE P
DIMENSION Y(50)

A=BETA* (CMEAN-GANM
ALKU=SD®A#DLOG(BE
ALKU=ALKU+SD#OMEA

D=0,
DO 20 J=2sK
B=0

C=1.
DO 30 I=1,J-1
30 C=C/1
ESBZS I )1
= -
Com (A+I-1)#(J-I)%C/ (IGAMMA#® (1. +BETA))

AvGAMMA s K1 OMEAN s FNCT »SD)
ON C(A~H,0-2)

)

g—SD*GAMMA

40 B=R+C
B=Y{J)#DLOG(B)
20 D=D+B
FNCT=D+ALKU
RETURN
END

The value of (7) is taken out as FNCT. The symbols used here
are the same as in the preceding section. The partial deri-
vatives 3L/30 and 3L/3n are calculated by the subroutine

-GRADAM, when a, nand y are given. The values are taken out

as DFA and DFE.

SUBROUTINE GRADAMCY s K+ OMEANYALFAIETA s GAMMA » DFE s DFA+SD)
IMPLICIT DOUBLE PRECISION (A-Hy0-2)
DIMENSION Y(50)+W(S30) +DWE(SD) + DWA(50)
gbﬁUBBD*ALFA*(if/(ETA-GAHMA)-i./ETA)
DO 20 J=24K
BB=0,
AA=1,
DO 30 I=m1,J-1
30 AA=AA/]
BB=BB+AA

DO 70 I=1,J-1
AA=AAX (ALFA+I-1)#{J-1)/CI*ETA)
70 BB=BB+AA
20 W(J)=BB
DWE(2)=~ALFA/ETAR®2
DO 40 J=3,K
BR=0,
AA=DWE (2)
DO 50 I=t,y.j-2
50 AA=AA/L

BB=BB+AA
DO &0 I=2,)-1
AA=AAX (ALFA+I-1.0#(J=1)/CETA#(1~1.))
&0 BB=BB+AA
40 DWE (J)=BB
DO B0 J=2,K
. 80 SUMaSUM+Y (§) *DWE(J) /WCJ)
DFE=SUM+AL KU
DWA(2)=1,/ETA
DO 130 J=aJK
SUMA=DWA (2)
DO 103 I=m1i,J~2
103 SUMA=8UMA/1

E
/






DO 120 122441
SUML=0.

DO 110 Lﬂi:l
TUL Qs

IF(M-L) 15,100+15
135 TULO=TULO* (ALFA+M-1,)
100 TULC=TUL O
110 ggM%ESUML+TULO
DO 160 M=mq,4-1
160 CC=CC/M
SUML=SUML #CC
DO 150 M=1,1
130 SUMLRSUML*(J-M)/(H*ETA)
120 SUMAaSUMA+SUML
130 DWA(J) =8UMA
S8UMB=0.
DO 140 1Im2,K
140 SUMB=SUMB+Y (1) #DWACI) /W(L)
gFAGgHHB+SD*DLOG((ETA-GAHHA)/ETA)

The actual maximization is performed by the sﬁbroutine MAXB.
The optimization is a restricted one. The program MAXB forces
the arguments Y and n to stay nonnegative. This means that

no penalty function method is used. Additionally no one-
dimensional optimization is performed but the step length

is halved until a better point is found.

TA+»GAMMA s OMEAN VAR PNOL 2 Y 1Ko SD)
N (A<~H»0-2)
WE ¢50) s DWA (SO
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IF (E1) 11146
6 IF (B1) 1:1+7
7 IF (G1) 1:1.8
8 IF (OMEAN=G1) 11149
9 CALL FUNCTM (¥181,G1:K10MEAN 1 F 218D
2 CALL “GRADAM (Y1 i
CALL GRADAM(Y1K+OMEANIA11E1+61 1 DFE11DFAL:SD)
g s
= » 1**21’2* *
e -
=m{ + * 13 % ®*
0S25= (Q1wH12405%1155) nua #H12+02%H22)
AN11=~0811/DENU1
AN1Z=-0512/DENU1
AN22=-08227DENU1
DENU2=514Q1+62%02
AM11=(ASK#G1#%2) ¢ DENU2
AM12% (AGK#52%51) /DENUS
AM22= (ASK*S3%%2) 7 DENUS
H11aH11+AM11+AN11
Hi2aH12+AM12+AN1 2
H33ana5+AM2244
= + -+
BA=B1 N22
GA=G1
EI#ZGSZ£%3§éAﬂ GA)
= -
FimF2
DEA=DEA1
AER=0. 55 OMEAN
={], +*
G0 TO 13 HF
! ?3533§Ké§é3 4v443
BETA=BA T
GAMMA=GA

ALFA=BA* (OMEAN-
RE TURN N=GA)

The starting point for the maximization is computed by the

subroutine GAB, when this gives positive gamma. In the oppo-

site case the starting values are taken as-vy
8 = x/(s?-X). The subroutine GAB solves a,

x, 8% and p,+ The initial guess here is ¥y

SUBROUTINE GAB(GsALFA'BETAY
IMPLICIT DOUBLE PRECISION (A~H+0O-2)
EPS=,.0000000001
5 CALL F(FUsGyPNOL + OMEANVAR)
L DA ) G PROL : ONEAN S VAR)
' vGy ¥ y
20 IF(DABSC(DY-EPS) 10,1013
15 &G1=G-FU/D
G=G1
G) TO 2
10 GAMMA=G

MEAN-GAMMA) / (VAR-OMEAN)
25;2:§8HEAN-GAHHA)*BETA

RETURN :
END

x/? and

B and y in fitting

= x/7.

GAMMA s OMEAN s VAR PNOL.2
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In the program GAB additicnal subroutines F and DER are used

EAN1VAR)

SUBROUTINE F(F
H10=~2)

V)
IMPLICIT DOUBLE
A=OMEAN~-GAMMA
B=VAR-OMEAN
C=GAMMA+DL OG (PNOL )
D=(A®%2) /B
E=DLOG( (A+B) /A)
FU=C+D#E
RETURN
END

1 GAMMA
PREC1

SUBROUTINE DER(DsGAMMA«PNOL y OMEAN)VAR)
IMPLICIT DOUBLE PRECISION (A-H»0-2).
A=0MEAN-GAMMA

B=VAR~OMEAN

Cm2.#A/B

D-i.-C*DLOG((A+B)fﬁ)+ﬁ/(ﬁ+8)

RETURN

The symbol PNOL here means the zero class probability Pg
All the statistics needed are given by the subroutine STATM
as in the preceding section.

The maximum likelihood estimation and the yx?-test are per-

formed then by the main program FIPONB

IMPLICIT DOUBLE PRECISION (A-H»0-Z)
DIMENSION -X(30)yY(50) sP(30) + TEOR(3D)
CALL ABBIGN (2+'RE1’'+3)
CALL ABSIGN (Js'WR1'+3)
WRITE (2+3D) ‘
READ (2,107 K
DO 33 I=1,K
WRITE (2:32)
33 READ(2+30) Y(I)
30 FORMAT(’ GIVE THE NUMBER OF ClLASSES’)
52 FORMAT(' GIVE OBSERVATIONS IN THE CLASS')
30 FORMAT (F13.10)
10 FORMAT (12)
PO 3 I=isK
3 X(I)=1-1.
CALL BTATM(K-X|Y!OﬂEﬁN|VﬁR’BKEHlPNOLoSD)
CALL MAXBC(ALFAYBETA+GAMMAyOMEAN VAR PNOL 1Y 1K1SD?
WRITE (3.300) ALFA'BETA,GAMMA
CALL PROB(P+ALFAsBETA»GAMMAK)
DO 2 I=1,+K
2 TEQR(1)=SD#P (1)
300 FORMAT (' ALFAYBETA AND GAMMA ', 3E20.1Q)
DO 60 I=1+K
60 WRITE (34633 P(I)sTEQR(I)Y(I)
63 FORMAT (E20.10+2F20.2)
TOSA=SD :
DO 70 I=1i4K
}EB?-TOBA-TEOR(I)
IF(T08A=5.) 71+71.+70
70 CONTINUE






71 08A=0.
72 08A=08A+

g(l))**ZITEOR{I)
J*%2/TOSA
L
U

ARE 1I8'+s F13.4y' DEGREES OF FREEDOM ARE’ +15:

The probabilities given by the convolution model, when a, 8
and y are known, are given by the subroutine PROB

SUBROUTINE PROB(PRsALFABETA»GAMMAIK)
IMPLICIT D E PRECISION (A-H»0-2)

)
1.+BETA) ) ##ALFA)#DEXP (~GAMMA)

~ ~ 00

DO 13 I=q
13 A=A#GAMMA
B=B+A
DO 16 1I=1sN
g-éAkFA*I—i.)*(N~I+1.)*A/(I*GAHHA*(BETA+1.))
=B+
PR(J)=BXPR(1)
RETURN
END

")

[
oo

Finally the logarithm of the likelihood ratio is computed

by the subroutine SUHDEM.

SUBROUTINE SUHDEM(Y »PsPRyRAT1K+PNOLVARYOMEAN+SD?
IMPLICIT OOUBLE PRECISION (A~HyQ- .
gk?EgBION Y(30) 4 PC(3Q) +PR(30) s W(50) + DWE (30) + DWA (30)
= L

CALL MAXBC(ALFAYBETAIGAMMA»OMEAN»VARIPNOL+YKy8D)
WRITE (31110) ALFA+BETA»GAMMA

110 FORMAT (' ALFA.BETA AND GAMMA' JE20.10)
CALL PROB(PRYALFAYBETA:GAMMAsK)
B=0MEAN/ (VAR-OMEAN)
CALL PARAMC(ByALFAIYBETAYOMEAN Y »K+SD)
WRITE (3+120) ALFA+BETA

120 FORMAT (' ALFA AND BETA' 2E20.10)

- CALL PROBB(P+ALFABETAIK)
DO _10 I=1:K _

10 RAT=RAT+Y (1) *#DLOG(P(I)/PR(I)
RAT==2 . %RAT
RETURN
ND
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The main program for the likelihood ratio test of the hypoth-

esis Hozy_= 0 i1s LRATI

IMPLICIT DOUBLE PRECISION (A~Hs0-2)
DIMENSION X(SO);TN(SD)1TP(5D)!Y(50)uP(SD)vPR(SD)sN(SDJvDNE(5D)
DIMENSION DWA(S0) o
CALL ASSBIGN (2+'RE1'+3)
CALL ABSIGN (I+'WRI' 3D
WRITE (2:3%0)

50 FORMAT( ' GIVE THE NUMBER OF CLABSES’)
READ (2+10) K

10 FORMAT (12>
00 3% I=1,K
WRITE (2+52)

35 READ (2+30) Y(I)

52 FORMAT(' GIVE OBSERVATIONS IN THE CLAES’)

30 FORMAT (F193.1D
DO 1 I=14K

1 X(li=1l=~1.

: CALL EBTATMC(KyX1YsOMEAN:VAR1SKEW:PNOL ySD)
CALL SUHDEMC(Y sPyPRsRATsK1PNOL +WARSsOMEANSD)
DO &0 I=1,K

60 WRITE (3+%%) PR(IL)sPCl)

as FORMAT(' PO~NB PROB'’',E18.10s’ NB PROB’ +E18.10)
DO 71 I=1:K
TPC(I1)=SD#PR(1)

71 TNCIY=SD#P(I)
DO 72 I=1:K

72 WRITE (3+73) TPCIdXsTNCI)aY (1D

73 FORMAT (3F20.2)
WRITE (3+356) RAT

5& FORMAT ¢’ LOG-LIKELIHOOD 15’ ,E20.10)
N

ON THE LIKELTIHOOD RATIO TEST

~In this section we consider some aspects on the validity of

x2?-test in testing the hypothesis HO:Y = 0., The conditions

‘for this asymptotic distribution of the likelihood ratio

are given in sections 5f and 6e of [2]. There are two con-

ditions that need a closer look. The others are quite

~ straightforward.

First it is not clear from (1) that these are nonnegative,
if we have negative gamma. In order that zero gamma were an

inner point of the parameter space we need to establish that

" there exists such an ¢ > 0 that for y € (-e,») makes (1)

a probability function. That the sum of p 's is equal to
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unity is clear from the integral representation in [4]. If
we now can show that pn > G for all n, then they are also
not larger than unity.

Now Pq is always nonnegative. The same is true for P, when
n is even. When n 1s uneven, then in (1) there is an even
number of terms. We shall now prove that the sum of two
subsequent terms is positive in an interval (-e,°). Taking

K 2k +1

the sum of the terms containing Y2 and y we see that

their sum is positive, if

Y > = (n-2k-14a) (2k+1)/((n-2%) (1+8)) = r(n,k),

‘where the equality is the definition of r(n,k). Now if
‘o > 1, then

r(n,k) < -(1+6)7",

and 1if a < 1, then

rin,k) < —a(1+8) 77,

these being valid for n=1,3,... and k=0,1,..., (n-1)/2.
Hence, we can take € = (min(1,a))/ (1+8).

The second task would be to prove that the information matrix
J is positive definite when the restiriction v = ¢ is valid.

The elements of J are in general

- 1 - 9p ap
Trs = E0 50 36_ DUx,0) aes)’
1f 8 is the unknown parameter vector. We now take 8 = (a,8,y).

We have to compute the wvalues of Jrs at points wherey = 0.

We avoid largely the tedious calculations, and present here
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only the main facts. Now let Py °

lity of n claims, if the parameter y is
In

pure negative binomial distribution. all

zero,i.e.,

p,(@,B8,0) be the probabi-

under the

the partial de-

rivatives to follow are calculated at the points wherey = 0.

The substitution of this is

for short omitted.

We have

apo
— = -p
3y ©
apn
— = p (nB+1-a)/(n-1+a), n > 1
n —
3B
Bpn
—— = p_(a=-nB)/ (B(1+8))
n
9B
apo
—= = p In(B/(1+8)), n > 1
O —
3o
3 - -
Pno=p 0 I (a+i-1)"" + 1n(8/(1+8))]
38 i=1
 Substituting these into the definition of JPS

and using the

above enumeration o<+ 1,8+ 2 and v+ 3, we cobtain

o n
1 . - 1
J11z p (ln1+B + ?1 ( .§ (a+i=1) + Ingem po
= i=1
) i - o -1 o0 )
J12- 121- (B(1+8) '§ (a+i=1) §' (o Bn)pn
S i=1 n=1i
- . B > nf+1-o - sy
T1a% J397 Polngg + I Siopygl B (eri-1) +ln1+s]P
n=1 i=z=1
: - 2
322— a/ ((1+B)IB2)

J33% pg * n§1 [(nsf1-a)/<n-1+a>2]pn
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Looking at the elements of J above it seems to us a hopeless
task to obtain the positive definiteness ©f J in the general

case. For this reason we have considered a special case,

@ = 1. Then we have the simplified expressions
8 B \2 e B .2 ~n-1
..T,],] = m(lnm) + n§1[l§1 -1'.- + lﬂm] B(1+B)
112 = 321 = =1/ (B(14+8))
113 =z J31 = Bln((1+48)/8)
T35 = 8.
We now have B > 0 and
1/ ((1+8)B%) -1/ (1+8)
> 0,
-1/ (148) B

so that J is positive definiteif we can show that the deter-
minant of J is positive. This happens if

R 2810128 4 148y (1nlERy 2. (10)

We have verified numerically that this is valid for reaso-
nable values of B using various step lengths. The diffe-
rence between the left and righf hand sides seems to behave
‘quite smoothly.

Ifwé,finally take o = ¢B, ¢ > 0, and let Bt®  +hen all other
Jij + 0 but J33, which tends to 1/c. The limiting J is not

positive definite.






RESULTS OF THE COMPUTATIONS

In this sectionwe present the complete lists of the compu-
tations concerning the fit of the convolution. Most of the
results here were merely commented in [4]. We haved tried
to fit our model on several real data found in ASTIN BULLL-
TIN. We do not give here the references; these can be found
in [4]. |

For each data the list contains sample mean, variance

and third central moment. Additionally the zero class prob-
ability and number of obsefvations are given. Then follow
the maximum likelihood estimators for the parameters of the
convolution and then for the negative binomial distribution.
Then we give the class probabilities for both models begin-

ning from the zero class and ending with the last class with

positive observation. The following columns give the frequen-

cies of these classes first.for the convolution, then for
the negative binomial distribution and then the observed
frequencies. Then the test value for the likelihood ratio
test is given ( LOG-LIKELIHOOD ). The two last values are
the chi-square values with their degrees of freedom for the
fits of the convolution and the negative binomial distribu-
tion in that order. Here the classes are joined togethér so

that every theoretical frequency is at least five.

The results for those data ( Muff and Delaporte ) that lead

to negative values for gamma are not presented here.






Trébliger's

MEAN

VARIANCE

3. CENTRAL MOMENT

| ZERO CLASS PROBABILITY
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data

D.1442197634E DO

0.146384699493E 00

0.21428%4391E 00

NUMBER OF OBSERVATIONS 23389.

ALFA
BETA
GAMMA
ALFA FOR NB
BETA FOR NB

PO-NB
PO-NB
PO-NB
PO-NB
PO-NB
PO-NB
PO-NB

LOG-LIKELIHOOD

CH1I SQUARE IS8

CHI SQUARE 18

0.276632770%E OO
0.37397934646E 01
" 0.7064318040E-01

0.111789%303€E
0.7731332249€
29436092E GO
4018149E 0O
869401E-01
83873E-02
E-03
E~0&
E-0%

3
2
3
2

N
nNeEoQ
N~
3.3 T5 Y

N
NOT0UTTUTYD

$ONGG PN rd e pd B
ORI 20 e i OO~ - =]
s 50 e e OOPIUN
Nwa~da B U (IO
= BONRUW~I~NSIBN
CNRRG 000000

O LION

0.39363616460E

3.5997 DEGREES OF

0.8729492560E 00

0.0042 DEGREES OF FREEDOM ARE

FREEDOM ARE

GG
O] ~Jra i)

2

coooo00
oocoono
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Lemaire's data

MEAN 0.1010806364E 00

UARIANCE 0.1074478147E 00

3. CENTRAL MOMENT 0.12146465731E 00

ZERO CLASS PROBABILITY 0.9065:673345 oo

NUMBER OF OBSERVATIONS 106974,
ALFA 0.3895314499E 00

BETA 0.9642598023E 04

GAMMA 0.3994239873E-01%

ALFA FOR NB 0.1631274701E 01

BETA FOR NB 0.1613835012 Q2

PC-NB PROB 0.90634%4823E 00 NB PROB 0.90465830945E 0O
PO-NB PROB (0.8442640647E~-01 NB PROB 0.8629104080E-01
PO-NB PROB 0.&479008253E-02 NB PROB 0.66241916481E-02
PO-NE PROB 0.303624%%8%E~0F NB PROB 0.46784471646E-03
PO-NB PROB 0.4141%71682E-04 NB PROB B8.3160627168E-04

96%76.82 26980.82 &978.00

9243.38 2230.%0 2240.00

693.09 708.62 704.00

33.87 50.0% 43.00

4.43 3.3 ?.00

LOG~LIKELIHOOD ON 0.9634922789E 0O

The fit of the three parameters of the convolution does not
leave degrees of freedom for the chi-square test of fit.

For the negative binomial distribution we have

- CHI SQUARE 18 0.0908 DEGREES OF FREEDOM ARE 1







Thyrion's data

MEAN 0.2143836424E DO
VARIANCE ..0.2889313713E oo
3. CENTRAL HOﬁENT
.ZERO CLASS PROBABILITY

NUMBER OF OBSERVATIONS

ALFA 0.2006136737€ 0O
BETA 0.1666313484E 01
GAMMA 0.9397439298E-01
0.70153121904E

0.3272683813E

ALFA FOR NB
BETA FOR NB

PO-NB PROB
PO-NE PROB
PO-NB PROB
RO-NB PROB
PO-NB PROB
PO-NB PROB
PO~NB PROB
PO-NB PROB

=NO00O0000

MNGIDS: 2 = a 2 5 8 »

LOG~LIKELIHOOD

CHI SQUARE IS

'CHI SQUARE IS

0.3406342987E 0O

o~ 0Pl
ODDQI‘JOQ
=2V PVVUTVOO
NEDB80

S IRE-IDLIO
LN NN »00CO0O000D

QLRI D D-INOLE-~I0

D00~ 0

0.9329057177E

0.82846430460E 0O

«829464061324E 00
1361762923 00
«27141473071E-01
«D7144639174E-02
. 1237680555E-D2
v 2723799721E-03
«6037773332E-04
«13537334325E-04

4.120% DEGREES OF FREEDOM ARE

8.7661 DEGREES OF FREEDOM ARE
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Pesonen's data

MEAN 0.87466824300E-01

VARIANCE 0.9818881333E~-01

3. CENTRAL MOMENT 0.1288312947E DO

ZERO CLASS PROBABILITY 0.9199708985E 00

NUMBER OF OBSERVATIONS 3498,
ALFA 0.1135839344E 00

BETA 0.3397984274E 01

GAMMA 0.5424138596E~-01

ALFA FOR NB 0.8193103463E 0D

BETA FOR NB 0.93478584681E 01

[Pl -] MY
V-~JOWOD
~Li~o-ue

FO-NB PROB 0.9198%25044E 00 NB PROB 0.92008
PO~NB PROB 0.7345051841E-01 NB PROB 0.72867
PO-NB PROB 0.5649348784E-02 NB PROB D.64062
PO~NB PROB 0.7043480078E-03 NB PROB 0.5818%
PO-NB PROB 0.11679454%4E-03 NB PROEB 0.53691
PO-NE PROB (0.2137802143E-04 NB PROE 0.%0013
3057.35 " 50%8,63
404.93 400.62
31.06 35.22
3.87 3.20
0.44 0.30
0.12 0.03
LOG-LIKELIHOOD 0.117%933085E 01

No degrees of freedom for either model is left.

111
- BO00000
£ OUPrLIND

oW

e Lt 2
D~
mmmmmm
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Bihlmann's data

MEAN
VARIANCE

3.

ZERO CLABS PROBABILITY

CENTRAL MOMENT

0.1331400464E OO0

0.17931353%90E 00

NUMBER OF OBSERVATIONS 119853.
ALFA 0.4001493974E 0O

BETA
. GAMMA
 ALFA FOR NB
BETA FOR NB

. PO-NB
PO-NB
PO~NB
PO-NB
PO-NB
PO-NB

. PO-NB

CH1 SQUARE 1S

CH1 SGQUARE 18

0.4068437434E 01
0.3678543159E-01

0.1032668356E
0.56563462294E

0.11533334465E

0.23945910%3E DO

w0
»UlldUooPvoDTD

NOO~DDTD DD
WPRPNOCOO000

QN ILIRR BN E

MNes » a s 2 o »

UINN OO0

0.8652399434E 0O

4£2353575E 00
7258664E 00
F4462826E-01

142641804
06453113E-03
1037

140

17

2

-3 00UV 0000000

0.3252 DEGREES OF FREEDOM ARE

12.1187 DEGREES OF FREEDOM ARE

04.00
75.00
66.00
33.00
45.00

$.00

2.00

2

2
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Trobliger's and Bihlmann's data joined together

MEAN 0.1333442D88E 0O

VARIANCE 0.1767907417E 00

3. CENTRAL MOMENT  0.23%33892777E 00
ZERO CLASS PROBABILITY 0.866524448%9E 00
AMEER O BSERATIONS g3

BETA 0.4018212045%E D1
GAMMA 0.39178143468E~01

ALFA FOR NB 0.1043090034E 01
BETA FOR NB 0.6802278428E 01
PO-NEB PROB 0.864%219127E 00 NB PROB 0.86&4948501E 00
PO-NB PROB 0.11646139333E 00 NB PROB 0.11584688127E 00
PO-NB PROB 0.1433701554E-01 NB PROB 0.1%17059489E-01
PO-NB PROB 0.2092949241E-02 NB PROB 0,.1972307848E-02
PO-NB PROB 0.3408967082E~03 NB PROB 0.239509274%E-03
PO-NB PROB 0.3838471309E-04 NB PROB 0.33D3023532E-04%
PO-NB PROB _0.1037271750E~04 NB PROB 0.4263814378E-053
124293.64 124320.44 1242%46.00
16727.63 16620.45 167246.00
2059.40 2176.10 2063.00
300.22 282.91 294.00
8.40 b.7h 6.00
1.49 0.61 3.00
LOG-LIKELIHOOD 0.1332609531E 02
CHI SQUARE IS 0.4081 DEGREES OF FREEDOM ARE 2
3

CHI SQUARE 18 15.91466 DEGREES OF FREEDOM ARE
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Lemaire's and Bithlmann's data joined together

MEAN 0.1296430599E 00

VARIANCE 0.1441495936E QO

3. CENTRAL MOMENT 0.18467999334E 0O

ZERO CLASS_PROBABILITY . ‘0.88473594415 oo

NUMBER OF OBSERVATIONS 226827.
ALFA 0.3196%97022E OO

"BETA  0.440%432%12E 01

GAMMA 0.5708471%06E-01

ALFA FOR NB 0.1D61%70053E 01

BETA FOR NB 0.8188280012E 01

PO-NB PROB 0.8847269342E 00 NB PROB 0.8848457875E 0O
PO-NB PROB 0.1028242590E 00 N8 PROB 0.1022331731E QO
PO-NB PROB 0.1084475701E-01 NB PROE 0.1144900441E-01
PO-NB PROB 0.41390819484E-02 NB PROB 0.1273838714E-02
PO~NB. PROB 0.2048334055E-03 NB PROB 0.1407713188E-03
PO-NB PROB 0.3213881517E-04 NB PROB 0.1550940744E-G4
PO-NB PROB_ 0.3214718084E-0% NB _PROB 0.17D5276714E-05
200679.96 200711.45 200&82.00
23323.32 23189 .24 23315.00
2433.08 2601.48 2470.00
318 .48 288 .94 298.00
4% .46 31.93 54 .00
7.29 3.92 6.00
1.18 0.39 2.00
{.0G~L IKEL IHOOD 0.24176679943€ 02
CHI SQUARE 18 2.3686 DEGREES OF FREEDOM ARE 2

CHI SQUARE 18 26.623%9 ﬁEGREES OF FREEDOM ARE 2
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Lemaire's and Bihlmann's data joinec

MEAN 0.1296430399E 00
VARIANCE
3. CENTRAL MOMENT

ZERC CLASS PROBABILITY

0.1461493936E GO

§EPBER OF OBSERVATIONS 22&827.

0.31963%97022E 00

0.1867999334E

0.88473539

BETA 0.440%432%12E 01
GAMMA 0.%5708471%046E-01
ALFA FOR NB D.1061%700%3E 01
BETA FOR NB 0.8188280012E 01
PO-NB PROB 0.88472569342E 00 NB PRC
PO-NEB PROB 0.1028242%90E 00 NB PRC
PO-NB PROB 0.1081473701E~01 NB PRO
PO-NB PROB 0.1390817484E-02 NB PRO
PO-NB PROB 0.2048334055E-03 NB PRC
PO-NB PROB 0.3213881417E-04 NB PRC
PO-NB PROB 0.52156718084E-0% NB PRC
200679 .96 20071
23323.32 2318
2453.08 26€C
315,48 28
Lb.bb 3
1:32
LOG~-LIKELIHOOD 0.2176679945E

CHI SQUARE I8

CHI SQUARE IS

2.3686 DEGREE

26.6239 DEGRE
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